INEQUALITY OF BOGOMOLOV-GIESEKER'S TYPE 
ON ARITHMETIC SURFACES 



Atsushi Moriwaki 



Department of Mathematics 
University of California at Los Angeles 
Los Angeles, CA 90024, USA 
e-mail : moriwaki@math.ucla.edu 
April, 1993 (Revised Version) 

Typeset by AmS-T&. 

1 



Abstract. Let K be an algebraic number field, Ok the ring of integers of K, and / : 
X — > Spec(Ox) an arithmetic surface. Let (E,h) be a rank r Hermitian vector bundle on 
X such that E^ is semistable on the geometric generic fiber X-^ of /. In this paper, we will 
prove an arithmetic analogy of Bogomolov-Gieseker's inequality: 

c 2 (E, h) - r —^C! (E, hf > 0. 
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Introduction 

Let M be an n-dimensional compact Kahler manifold with a Kahler form For a 
torsion free sheaf F on M, we define an averaged degree n(F, $) of F with respect to $ 
by 

/ Ci(F)A$ n_1 
^*) = ^ ; • 

Let £ be a torsion free sheaf on M. E is said to be ^-stable (resp. <&-semisatble) if, 
for every subsheaf F of E with C F C F, an inequality //(F, $) < //(F, $) (resp. 
iii(F, $) < /t/(F, $)) is satisfied. If a torsion free sheaf E of rank r is $-semistable, then 
we have 

'02(E) - ^± Cl (E) 2 ) A $"" 2 > 0, 



M 



2r 



which is called Bogomolov-Gieseker's inequality (cf. [Bo] and [Gi]). The purpose of this 
paper is to establish an arithmetic analogy of the above inequality, that is, 

Main Theorem. Let K be an algebraic number field, Ok the ring of integers of K , and 
f : X — > Spec(Ox) an arithmetic surface. Let (E, h) be a Hermitian vector bundle on X . 
If Eq is semistable on the geometric generic fiber Xq of f , then we have an inequality 

c 2 (F,/i)-^-^C!(F,/i) 2 >0, 
Zr 

where r = rkE and ci(E,h) and C2(E,h) are arithmetic Chern classes introduced by 
Gillet-Soule [GS90b]. 

The theory of stable vector bundles is closely related to the Yang-Mills theory. Let 
E be a vector bundle on the compact Kahler manifold M. E is said to be $ -poly- stable 
if there is a direct sum E = E\ © • • ■ © E s such that E{ is $-stable for all 1 < i < s 
and fJi(Ei) = ■■■ = fx(E s ). Moreover, let ft be a Hermitian metric of E. h is called 
Einstein- Hermitian (resp. weakly Einstein- Hermitian) if there is a constant (resp. C°°- 
function) <p such that 1AK(E, h) = ^ide, where K(E, h) is the curvature of (E, h). 
The fundamental theorem concerning Einstein-Hermitian metric is 

Theorem A. (cf. [Do83], [Do85], [NS] and [UY]) E has an Einstein-Hermitian metric 
if and only if E is $ -poly- stable. 

The above theorem plays a crucial role for the proof of the main theorem. Here we 
give a rough sketch of the proof of the main theorem, which, I think, is a brief summary 
of this paper. 

Step 1. A poly-stable vector bundle is semistable, but a semistable vector bundle is not 
necessarily poly-stable. This means that a semistable bundle does not necessarily have 
an Einstein-Hermitian metric. In general, a semistable vector bundle F has a filtration: 



= Fq C Fi C • • • C F1-1 C Fi = F 
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such that Fi/Fi-i is stable for all % and h(F\/Fq) = ■ ■ ■ = fj,(Fi/Fi-i), which is called a 
Jordan- Holder filtration of F. The first step of the proof of the main theorem is a reduc- 
tion to the case where E is poly-stable on each infinite fiber. Unfortunately, arithmetic 
Chern classes are sensitive for extensions, that is, the Bott-Chern secondary characteris- 
tic appears in several formula for an exact sequence of Hermitian vector bundles. So we 
need an exact calculation of a certain secondary Bott-Chern characteristic, which will be 
treated in §7. It follows a good comparison of second Chern classes (cf. Corollary 7.4). 
Using this result, we can do our first step. 

Step 2. By the step 1, we may assume that E is poly-stable on each infinite fiber. Thus 
by Theorem A, E has an Einstein-Hermitian metric Iieh on each infinite fiber. Here we 
need a comparison of 

c 2 (E, h) 2^-ci( E ' h ) and c 2 (#, Iieh) ^"^(.E, Heh >- 

The following theorem guarantees that we may assume that h is Einstein-Hermitian. 

Theorem C. (cf. Theorem 6.3) Let K be an algebraic number field and Ok the ring 
of integers. We denote by the set of all embeddings of K into C. Let f : X — > 
Spec(Oif) be an arithmetic variety with dim X = d > 2, and (H, hu) a Hermitian line 
bundle on X such that, for each a G K^, ci(if cr , hn a ) gives a Kahler form $„- on an 
infinite fiber X a . Let E be a vector bundle of rank r on X . For a Hermitian metric h of 
E, we set 

A(E,h)= (d 2 (E,h)- r -^c 1 (E,h) 2 ^j ■c 1 (H,h H ) d - 2 . 

If E is $ a -poly- stable on each infinite fiber X a , then we have; 

(1) the set A = {A(E, h) \ h is a Hermitian metric of E} has the absolute minimal 
value. 

(2) A(E, ho) attaches the minimal value of A if and only if ho is weakly Einstein- 
Hermitian on each infinite fiber. 

Step 3. Let n : F(E) — ► X be the projective bundle of E and 0(1) the tautological 
line bundle on F(E). We set L = 0(r) <g> 7r*(det E)' 1 . The arithmetic analogy of the 
Grothendieck relation (1.9.1) and Lemma 5.1 implies that 

(I7+ 1 ) < =}► r —^c x {E, h) 2 < c 2 (E, h). 
2r 

Thus, it is sufficient to show that (L r+1 ) < 0. 

Step 4. Let iV be an ample line bundle on X with deg(iVx) > 2g(Xj<) — 2. The 
arithmetic Riemann-Roch theorem due to Gillet-Soule [GS92] shows us that 

XL2 (L n ® w*N) + K((L n ® tt*^) = deg(ch(L n ® tt*N) ■ td* (T f{e)/0k )). 
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Since we have 

r deg(ch(L" ® tt*N) ■ t2 A (T F(E)/ o K )) _ 1 

in order to get (L r+1 ) < 0, it is sufficient to see that 

(a) r((L n ® tc*N) 00 ) < 0(n r log n). 

(b) x L2 (L n ®7r*iV) < 0(n r log ra). 

Step 5. (a) is a consequences of the following theorem, which is a generalization of [BV] 
and Proposition 2.7.8 of [Vo] to the case of semipositive line bundles. 

Theorem C. (cf. Theorem 2.1) Let X be a compact Kdhler manifold of dimension n, 
(L, h) a Hermitian line bundle on X , and (E, He) o, Hermitian vector bundle on X . Let 
Cq t d be the zeta function of the Laplacian D^d on A°' q (L d ®E). Let Hl be the Hermitian 
form corresponding to the curvature form K(L, h) of L and k a non-negative integer. If 
Hl(x) is positive semi-definite and rk Hl(x) > k for all x G X , then for n — k < q < n 
there is a constant C such that 

\cu°)\< Cdn ^( d ) 

for all d>0. 

Step 6. (b) can be derived from the following theorem. 

Theorem D. (cf. Theorem 4.1) Let K be an algebraic number field, Ok the ring 
of integers of K and f : X — > Spec(Oif) an arithmetic variety over Ok- Let (L,h) 
be a Hermitian line bundle on X, (E,He) a- Hermitian vector bundle on X, and h m a 
Hermitian metric of H°(X,L m <g> E) induced by h m ®He- Then there is a constant C 
such that 

deg L2 (F,h F ) 

— < Gmlogm 

rkF 

for all m > 1 and all submodules F of H°(X, L m ®E), where Hf is the Hermitian metric 
induced by h m . 

In §9, we will consider an invariant of a semistable vector bundle arising from the 
arithmetic second Chern character. Let / : X — > Spec(Ox) be a regular arithmetic 
surface and E a vector bundle on X such that deg(EK) = and Eq is semistable. We 
denote by Herm(i?) the set of all Hermitian metrics of E. Here we set 

ch 2 (E) = sup ch 2 (E,h). 

heHerm(E) 

As a consequence of Theorem A, we can easily see that ch.2(E) is a non-positive real 
number. Let M Xk / k(t, 0) be the moduli scheme of semistable vector bundles on Xk 
with rank r and degree 0. Our first question is 
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Question E. Is there a relation between ch 2 (E) and a height of the class [Ek] in 
M XK/K (r,0)? 

For example, if Xk is an elliptic curve, we can give an answer (cf. Corollary 9.7). For a 
curve of higher genus, it is still an open problem. To solve the above question, we think 
that first of all we must construct a certain canonical height of M x K /K{ r i 0). Moreover, 
we think that the theta divisor on M x K / K( r , 0) gives rise to a canonical height. 

In §10, we consider the equality condition of the inequality of the main theorem. For 
a geometric case, this is closely related to flat vector bundles. So we need an arithmetic 
analogy of flat vector bundles. We give one candidate for arithmetic flatness, that is, 
torsion vector bundles, (see Definition 10.6 for the definition of "of torsion type".) Our 
question concerning torsion vector bundles is the following. 

Question F. Let X and E be as above. If ch.2(E, h) = 0, then is E of torsion type? 

A partial answer is given in Proposition 10.8. Two questions are related to each other. 
For example, if r = 1, E satisfies some numerical conditions and h is Einstein-Hermitian, 
then ch 2 (-E', h) = —[K : Q] Height ([-EW]) (cf. Lemma 9.2), where Height is the Neron- 
Tate height on Pic°(X K ). Thus, if ch 2 (£, h) = 0, E K is a torsion point of Pic°(X K ). 

Finally we would like to express hearty thanks to Prof. S. Zhang for his valuable 
suggestions. 
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1. Quick review of arithmetic intersection theory 

In this section, we would like to fix several notations of this paper, which gives a quick 
review of arithmetic intersection theory. Details will be found in [GS90a] , [GS90b] , [Fa2] 
and [SABK]. 

1.1 Polynomial map associated with a formal power series (p. Let be a sym- 
metric formal power series of n variables over R, A an IR-algebra, and M n (A) the algebra 
of (n x n)-matrices of A. We denote by (j>^ the homogeneous component of of degree 
k. Then we can easily construct the unique polynomial map 

$ (fc) : M n (A) — ► A 

such that <fr( fe ) is invariant under conjugation by GL n (A) and 

d>« (diag(Ai,... ,A n )) = (fc) (Ai,... ,A n ). 

When / is a nilpotent subalgebra, we may define 

$ = J2$ {h) ■ M n (I) — > A. 
k 

Standard examples of power series are the following: 

(Chern classes) q = Sj(Ti,... ,T n ), where Si is the i-th elementary symmetric 
polynomial. 

(Total Chern class) c = ^ q. 

n 

(Chern character) ch(Ti, . . . , T n ) = ^exp(Tj). 

i=l 

n rp 

(Todd class) td(Ti, ... ,T n ) = JJ — 

i=1 1 ex Pl 1 i) 

1.2 Chern characteristic class attached to 4>. Let M be a complex manifold and 
A P ' P (M) the space of complex C°°-forms of type (p,p)- We put 

A(M) = 0# p (M) and i(M) = A(M)/(lm d + Im 9). 

Here we set d c = ■ — Then we have dd c = dd. Let (E, h) be a Hermitian 

47r v / ^T 2tt v ' 

vector bundle on M of rank n, K(E, h) the curvature of (E, h), and 4> as above. The 
characteristic class of (E, h) attached to 4> is defined by 

<P(E, h) = * (y^K(E, h) \ G A(M). 
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1.3 Bott-Chern secondary characteristic class. Let £ : — > (S,h') — > (E,h) — > 
(Q, ft") — > be an exact sequence of Hermitian vector bundles on M. (Here ft' and ft" 
are not necessarily the metrics induced by ft.) We introduce the Bott-Chern secondary 
characteristic class 4>(£) of £ attached to cf>. This class is characterized by the following 
three properties: 

(i) dd c 4>(£) = <f>{E, h) - <f>{{S, h') © (Q, h")). 

(ii) For every homomorphism / : N — > M of complex manifolds, 

#(/*(£)) = />(£). 

(iii) If (E, h) = (S, h') © (Q, h"), then 4>(S) = 0. 

(Note that the axiom (i) is different from [BGS] or [GS90b].) 

For a later purpose, we will show how to construct it. We denote the homomorphism 
S — > E by a. Let P 1 be the projective line, 0(1) the tautological line bundle on P 1 
and a a section of if (P 1 , 0(1)) such that cx(oo) =0. Let p : M x P 1 — >■ M and 
q : M x P 1 — > P 1 be the canonical projections. We set 

E = Coker (p*(a) © (id®a) : p*(5) — ► p*(£?) © (p*(5) © q*(0(l)))) . 



Note that £? 
E 1 such that (£?, /i) 



~ E 1 and i? 

Mx{0} 



~ S © Here we give a Hermitian metric ft on 

Mx{oo} 



and (i?, h) are isometric to (E 1 , h) and (£, ft') © (Q, h") 

Mx{0} Mx{oo} 



respectively. Then <p(S) is given as follows: 

4>(£) = [ ^,ft)log|^| 2 . 

1.4 Green current. Here we assume that the complex manifold M is compact. We 
denote by V k,k (M) the space of currents on M of type (k, k). Let Z be a cycle on M of 
codimension p. An element g G £ ,p_1 ' p-1 (M) is called a green current of Z if (icTg + 5^ 
is smooth. The smooth form dd c g + Sz is denoted by uj(g). For example, let D be a 
divisor on M and h a Hermitian metric of the line bundle Om(D). Let s be a rational 
section of Om(D) such that div(s) = D. Then it is well known that 

-dd c log(ft(s, s)) + 5 D = Cl {0 M (D),h). 

Thus — log(ft(s, s)) is a green current of D. 

1.5 Analytic torsion. Moreover we assume that M is a Kahler manifold with a Kahler 
form O. Let (E, ft) be a Hermitian vector bundle on M. Let \3 q be the Laplacian on 
A°> q (E) and < A x < A 2 < ■ • • eigenvalues of D q . We set 



i>0 
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It is well known that ( q extends meromorphically to the complex plane and is holomorphic 
at s = 0. We define the analytic torsion t(E, h) of (E, h) by 

r(£,/0 = £(-l)«<(0). 

q>0 

1.6 Arithmetic variety and arithmetic Chow group. Let K be an algebraic num- 
ber field and Ok the ring of integers of K. We set S = Spec(O^) and the set of C-valued 
points of K, that is, 

{a : K C | a is an embedding of the field K to C}, 

is denoted by Soo or K^. A projective and flat morphism of integral schemes n : X — > S 
is called an arithmetic variety over Ok if the generic fiber of / is smooth. For an objects 
Ob of X, we denote by Ob^ the pullback of Ob by an embedding a G S^. Let Z P (X) be 
a free abelian group generated by cycles of codimension p. Let Z P (X) be a group of pairs 
(Z,^2 a g a ) such that Z G Z P (X) and g a is a green current of Z a on X a . Let CH (X) 
be the quotient group of Z P (X) divided by the subgroup generated by the following 
elements: 

(a) (div(/), J2 a l/cr| 2 ), where / is a rational function on some subvariety Y of 
codimension p — 1 and log \f a \ 2 is the current defined by 



(log|M 2 )(7)= / (log|M 2 )7- 



(b) (0, d(a a ) + d{p a )), where a a G V p -^ p -\X a ), f3 a G V p -^-\X a ). 
We define three homomorphisms: 

W :CH ? (I)^0^(I ff ), 

a 

z:Clf(X) — >CH P (X), 

a : ^i p - 1 ' p - 1 (X f7 ) — > Crf (X) 

by 

^ ^) = ^ (dd c g a + 8 Z „), 

a a 

z(Z,^2g a ) = Z, 

a 

a a 
-dimX 

respectively. Moreover, deg : CH (X) — > H. is given by 

deg( ^ n P P, 9a) = Yl Up lo S #(°x/m P ) + ^ ^ / fa, 
Pex a PeX a Jx ° 

where nip is the maximal ideal of P. 
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1.7 First Chern class of Hermitian vector bundle. Let E be a vector bundle on 
the arithmetic variety X. We say (E, h) is a Hermitian vector bundle if, for all o~ G $00 ? 
E a is equipped with a Hermitian metric h a . Let si, . . . , s n be rational sections of -E such 
that si, . . . , s n give a basis of at the generic point of X. c^E, /i) is defined by the 
class of 

/ K(si, si) • • • 
div(si A • • • A s n ), ^ —logdet : 

1.8 Intersection of arithmetic cycles. We set 

CH(X) = 0CH P (X). 

CH(X)q has a natural pairing 

CH P (X) Q ® CH 9 (X) Q — > ch p+9 (x) q 

defined by 

(y, ) • (z, x; ^ ) = ( y • z > e nr. * ^ ) , 

where sry CT * g Za = g Y Jz„ + uj(g Y „)gz„- In particular, 

ci(L,h) • (0, ^g<j) = (0,^2c 1 (L a ,h a )g a ). 

a a 

1.9 Arithmetic characteristic classes. Let be a symmetric formal power series of 
n variables with real coefficients. Let (E, h) be a Hermitian vector bundle of rank n on 
the arithmetic variety X. We introduce the characteristic class 

4>(E, h) G CH(X) M 

attached to 4>. This is characterized by the following four axioms (cf. Theorem 4.1 of 
[GS90b]) : 

(I) For every morphism / : Y — ► X of arithmetic varieties, 

r(4>(E,h)) = 4>(r(E,h)). 

(II) If (E, h) is a direct summand of Hermitian line bundles, i.e. 

(E,/i) = (L 1 ,/i 1 )©---©(L n ,/ in ), 
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then we get 

<j>(E, h) = 0(ci(Li, fn), . . . ,ci(L n , h n )). 

(III) If we set 

0(Ti + T,... ,T n +T) =J2<t>i(Ti,-.. ,T n )T\ 

i>0 

for a Hermitian line bundle (L, /?/), 

0((£, /i) ® (L, ft')) = ^)ci(L, //)*. 

(IV) u(4>(E,h)) = ^ a </>(E a ,h a ). 

Let £ : — > (S 1 , /V) — > (-E, ft) — > (Q, /i") — > be an exact sequence of Hermitian vector 
bundles on X. An important property of <p is 

fc) - #((5, ft') © (Q, ft")) = a(J2 fa*))- 

For example, if we put 

rk£ 

c t (E, h) = J2(-^(E,h)r-\ 



i=0 

we have 



(rkE \ 
^^(-i)^(^)r-M. 
<T 1=0 / 

We apply this formula to the following special situation. Let / : F(E) — > X be the 
projective bundle of E, Q = CV(1) the tautological line bundle of F(E) and S the kernel 
of f*(E) — > Q. We give the submetric ft' on S and the quotient metric h" on Q induced 
by f*h. Applying the above formula to the exact sequence 

S : - (S, ft') - (/*£, /*ft) - (Q, ft") - 0, 

we get 

(rkE 
cr i=0 

which implies 

rkE /rkE \ 

(1.9.1) £(-1)7*^, ft^Q, ft")— = * I £ EC-iJV^MQ,,, ^) n_l - ' 

i=0 V cr i=0 J 

by evaluating t = c\(Q, ft"). This is an arithmetical analogy of the Grothendieck relation. 
Conversely, the relation (1.9.1) defines Ci(E, ft). To see this, we will prove the following 
fact. 
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Claim 1.9.2. 

(1) A homomorphism %j) : CH(X)® n — ► CH(Y) by 



n-l 



*l>(x ,--- ,sn-i) = ^2f*(x i )c 1 (Q,h") i 



i=0 



is injective, where n = rk E and Y = F(E) . 
(2) The image of ip is 



n-l 



{x e CH(y) | u(x) eJ2J2 MMXJMQ., ti'y}. 



a i=0 



0, 0<i<ra-l, 
7, i = n — 1. 



Proof. (1) can be easily checked by the formula: 
Next we consider (2). Let x be an element of CH(Y) such that 

n-l 



Since ^ is bijective on finite part, we may assume that z(x) = 0. Thus we can set 
x = (0, Y.<j9<t) with g a E A{Y a ). Here we put 



n-l 
a i=0 



Then 

n-l 

^ c (^) = ^rK, i )c 1 (g CT ,^) i . 

i=0 



Using integration along f a , we can find v a j with dd c v a i = u a i. (For example iv n _i = / <7 CT .) 
Then 

wh-Er(o.E B «'.<w» /, ") i J =0 - 



i=0 
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Thus we may assume that u(x) = 0, which implies g a is harmonic up to Imd + Imd. 
Hence by the structure of cohomology ring H*(Y a , R), g a can be written as the form 

n-l 

i=0 
n 

up to Im<9 + Im<9. Therefore x = ^ f(0, ^^,i)ci(Q, /i")*- 

i=0 o- 



Let us go back to the construction of c^E 1 , h). By this claim, there is a unique sequence 
{ci, . . . , c n } of CH(X) such that 

n / n \ 

^(-l)7*(Q)ci(Q, ft")" - * = a HT X)(-l) 4 £i(^)ci(Qa, O""' - ci(E, /»)». 

i=l V cr i=0 / 

Hence we may set Ci(E, h) = q. 

1.10 L 2 -degree of Hermitian module. Let V be Ox-module of finite rank. A pair 
(V, h) is called a Hermitian module if we give a Hermitian metric h a on V CT for each 
a G -ftToo- For example, Ok has the canonical metric can^ induced by each embedding 
a : K ^ C. We define L 2 -degree deg L2 (U, h) of (V, /i) by 



deg L2 (U,/i)=log# 



V 



Okxi H h 



^ /h a (x 1 ,x 1 ) ■■■ h a {xx,x t )^ 

~oYl lo S det 

\/i CT (^,a;i) ••• K{x t ,x t ) J 



2 



where xi, . . . , x t G M and {xi, ... , x t } is a basis oi M ® K. Using the Hasse prod- 
uct formula, it is easily checked that deg L2 (M, h) does not depend on the choice of 

{<&!,... ,X t }. 

1.11 Arithmetic Riemann-Roch Theorem. Finally we explain the arithmetic Riemann- 
Roch theorem. Let n : X — > S an arithmetic variety. We give a Kahler form Q a for 
each infinite fiber X a . Let (E, h) be a Hermitian vector bundle on X. Using this Kahler 
form, we can give a metric of H q {X a ,E a ) by identifying H q {M a ,E a ) with the space 
of harmonic forms H°' q (E a ). Hence we can define deg L2 (H q (X, E)). Thus we have 
L 2 -Euler character 

XL2 (E, h) = £(-1)* deg L2 (H q (X, E)). 

q>0 
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To state arithmetic Riemann-Roch, we need to mention about the arithmetic Todd char- 
acter. Let ((s) = J2 n>0 n~ s be the standard zeta function and we define a formal power 
series R(Ti, . . . , T n ) as 

^7 (2C'(-m) + C(-m)(l + 1/2 + 1/3 + • • • + 1/m)) (T™ + h T™). 

z — ' ml 

m>l 
m:odd 

The arithmetic Todd character is defined by 

tdVx/s, = td(T y/5 , 0)(1 - a(J] i?(T XCT , f2 ff ))). 

a 

The arithmetic Riemann-Roch due to Gillet-Soule [GS92] is as follows: 
(1.11.1) X L>(E,h) + ^ J2 T(E a ,h a )=deg(ch(E,h)-td A (T Y/s ,n)). 
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2. Asymptotic behavior of analytic torsions 

In this section, we will consider asymptotic behavior of analytic torsions of powers of 
a semi-positive line bundle. The main theorem of this section is the following theorem. 

Theorem 2.1. Let X be a compact Kdhler manifold of dimension n, (L, h) a Hermitian 
line bundle on X, and (E,}ie) a Hermitian vector bundle on X. Let ( qt d be the zeta 
function of the Laplacian on A°' q (L d <g> E). Let be the Hermitian form corre- 
sponding to the curvature form K(L,h) of L and k a non-negative integer. If Hl(x) is 
positive semi-definite and rk Hl(x) > k for all x G X, then for n — k < q < n there is a 
constant C such that 

IO(o) I <cvr iog(rf) 

for all d>0. 

First we prepare the following lemma. 

Lemma 2.2. With notation as in Theorem 2.1, if Hl(x) is positive semi-definite and 
rk Hl(x) > k for all x G X , then, for n — k < q < n, there is a positive constant cl, q 
such that CL, q depends only on (L, h) and q, and that 

-V=l{(Ae(K L )-e(K L )A)<l>,<l>)(x) > c L , q {cj>, cj>){x) 

for all 4> G A n,q (E) and x G X . In particular, integrating the above inequality, we have 

-V=l((Ae(K L )-e(K L )A)<l>,<l>) > c L , g (0,0). 



Proof. First we claim: 

Claim 2.2.1. There is a positive constant c such that, for all x G X , we can take an 
orthogonal basis {wi, . . . ,w n } ofTx, x with 

j H L (x){wi,Wj) = hjdij 
\hi>c (1 < i < k). 

For a point p G X, there is an open neighborhood U p of p and a C°°-subvector bundle 
F p of Tjj p such that rkF p = k and Hi\ F is positive definite. Shrinking U p if necessarily, 
we may assume that there is a positive constant c p such that Hl(i/)(v,v) > c p for all 
y G U p and all v G (F p )(y) with \\v\\ = 1. Since X is compact, we have p±, . . . ,p s G X 
with U t s =1 U Pt =X. We set c — min{cp 17 . . . , c Ps \. Let x be an arbitrary point of X . If 
x G U Pt , then we have an orthogonal basis {w±, . . . , w n } of Tx, x such that w±, . . . , Wk G 
(F Pt )(x) and HL(x)(wi,Wj) = hidij. Thus hi > c Pt > c for 1 < i < k. Therefore we get 
our claim. 
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Let {wi, . . . ,w n } be an orthogonal basis of T x , x as in Claim 2.2.1 and {6>i, . . . , 9 n } 
the dual basis of {wi, ... , w n }. We set 

Then by the formula due to Gigante (cf. p. 70, (3.6) in [Ko]), we have 

-V^l{(Ae(K L ) - e(K L )A)cf>, <p) (x) = £ (h n + ■ ■ ■ + h iq ) \ \<j> il ,... , iq | ||(x) 

«i<---<i q 

> (q- n + k ) c \\&i,-,*J\ 2 E(x) 

ii<---<i q 

= (q - n + k)c(<f), 4>){x). 
Thus we obtain our lemma by setting cl, q = (q — n + k)c. □ 

2.3. Let us start the proof of Theorem 2.1. The idea of this proof is found in [BV] and 
[Vo]. Let X q ^d be the minimal eigenvalue of the Laplacian D^d- By Lemma 2.7.7 of [Vo], 
it is sufficient to see that there are constants c > and d > such that 

\,d >cd- c' . 

Let D' d be the Laplacian on A n,q (L d <g) E®uj^}). As mentioned in the proof of Theorem 
1 of [BV], O qj d and D' q d have the same spectrum. We set E' = E <8> uj^} . Let K E > and 
K d be curvature forms of E' and L d <g> E' respectively. Then we have 

K d = dK L + id(g)K E ,. 

For <j> G A n ' q (L d ® £"), by an easy calculation, we get 

= ||£>V|| 2 + | | 2 - ((Ae(K d ) - e(K d )A)0,0) 

> -dV^l((Ae(K L ) -e(K L )A)(j>,(j>) 

- V^T((A(id®e(K E ,)) - (id®e(K s ,))A)0, 0) , 

where D' is (l,0)-part of the Hermitian connection of L d <g> and 5' is the adjoint 
operator of D' . By virtue of Lemma 2.2, there is a positive constant c such that 

-y/=l((Ae(K L )-e(K L )A)<l>,<l>) > c(0,0) 

for all G A q ' n (L d ® £"). On the other hand, we can easily find c' > such that 

-V^l({A(id®e(R E ,)) - (id®e( J R s O)A)0,0) > -c'(0,0) 

for all 4> £ A 9 ' n (L d (g) E'). Therefore we have an inequality 

{n' d ^^)>{cd-c')^A)- 

We choose G A 9 ' n (L d <g> £") such that U' q d (j) = \ q4 (j) and (0,0) = 1. Thus using the 
above inequality, we obtain 

Ag, n >cd- c'. □ 
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Corollary 2.4. Let X be a compact Kdhler manifold of dimension n, (L, h) a Hermitian 
line bundle on X, and (E, He) a Hermitian vector bundle on X . For the Hermitian form 
Hl corresponding to the curvature form of(L, h), we assume that Hl(x) is positive semi- 
definite and rk Hl(x) > n — 1 for all x G X . Then there is a positive constant C such 
that 

r(L d ®E)< Cd n log(rf) 

for all d>0. 

Proof Let be the zeta function of the Laplacian on A°> q (L d <g> E). Then 

T(L d ®E) = -([ jd (0) + D-WU )" 

q>2 

By virtue of Theorem 2.1, we have a positive constant C\ such that 

q>2 

On the other hand, by Proposition 2.7.6 of [Vo], for some positive C2, we get 

Ci, d (o)>-« n iog(rf). 

Thus we obtain our corollary. □ 
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3. Hermitian modules over arithmetic curves 

In this section, we will discuss Hermitian modules over arithmetic curves. Some results 
are found in [St] and [Gr]. For reader's convenience, we will give however an explicit proof 
for each result. 

Let V be a C-vector space, hy a Hermitian metric on V and W a subvector space of 
V. The metric hy induces a metric hw of W, which is called the submetric of W induced 
by hy. Let W 1 - be the orthogonal complement of W. Then the natural homomorphism 
W 1 - — > V/W is isomorphic. Thus we have a metric hy/w of V/W. This metric is called 
the quotient metric of V/W induced by hy. 

Lemma 3.1. With notation as above, let x\, . . . ,x 8 be elements of W and x 8 +i, ... ,x n 
elements of V such that {x\, . . . , x s } is a basis of W , {xi, . . . , x n } is a basis of V and 
{x s+ i,... ,x n } is a basis of V/W, where x s +\,... ,x n are images of x s+ i, . . . ,x n in 
V/W . Then we have 



hy(xi, X\) 
hy(x n ,Xi) 



hy(x 1 ,X n ) 
hy (iC n , Xji) 



h w {x\, xi) 



h w (xi, x s ) 



h w (x s ,xi) ■■■ h w (x s ,x s ) 

hy/ W (x s+ l,X s+ i) ■■■ hy/ W (x s+ i,X n ) 



hy/\y( x n, X s + i) 



hy/w{X n , Xn) 



Proof. Let Xi = yi + Zi be decompositions such that yi E W and Zi G W^. Then it is 
easy to see that 



hy/ W (x s+1 ,X s+1 ) ■■■ hy/ W (x s+1 ,X n ) 



hy/w( x m X s+ i) 



hy/ W (x n , X n ) 



hy(z s+ \, z 8 +i) 



h v (z n , z s+1 ) 



hy(z s+ i, z n ) 



hy(z n , z n ) 



and 



(x!,... ,x n ) = (x 1 ,... ,x s ,z s+1 ,... ,z n )U, where U 



I s * 
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Hence 



/ h v (x 1 ,x 1 ) ■ 

\h v (x n ,xi) ■ 
( h w (xi, xi) 



U 



h w (x s , xi) 




h v (x 1 ,x n ) \ 

h v (x n , x n ) ) 
h w (xi,x s ) 

h w (x s ,x s ) 






hv {Zs+l, Zs+l) 



hv(z n , z s+ i) 



Thus we have our lemma. □ 





hv(z s +i, z n ) 



hv(z n ,z n ) ) 



Proposition 3.2. Let K be an algebraic number field and Ok the ring of integers of 
K. Let O^S^E^Q^Obean exact sequence of Ok -modules and h! , h and h" 
Hermitian metrics of S , E and Q respectively. If, for each infinite place a of K , h' a is 
the submetric of h a and h" a is the quotient metric of h a , then we have 



deg L2 (£;, h) = deg L2 (S, h') + deg L2 (Q, h"). 



Proof. This is an immediate consequence of Lemma 3.1. □ 



Let K be an algebraic number field and Ok the ring of integers of K. Let (E, h) be 
a Hermitian module over Ok- We define an averaged L 2 -degree \i L i{E, h) of (E, h) as 
follows: 

_ deg L2 (ff,/i) 

Proposition 3.3. With notation as above, we set Sk = Spec(O^). Let h' be another 
Hermitian metrics of E. Assume that, for each a G (S^)^ there is a constant C a such 
that 

K(x,x) < C a h' a (x,x) 

for all x G E a . Then we have 



w{E,ti)<w{E,h)+\ lo & C ° 



2 

°e(S K ) c 



Proof. Clearly it is sufficient to show the following lemma. □ 
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Lemma 3.4. Let V be a vector space over the complex number field C and h and h! 
Hermitian metrics on V such that h(x,x) < h'(x,x) for all x G V. Let e±, . . . ,e n be a 
basis of V . Then we have det(/i(ej, ej)) < det(h'(ei, ej)). Moreover the equality holds if 
and only if h = h' . 

Proof. We set H = (h(ei,ej)) and H' = (h'(ei,ej)). Let U be an unitary matrix such 
that h'(Uei, Uej) = Xidij. Here we put hij — h(Uei, Uej). Then by virtue of Hadamard's 
inequality we have 

det H = det t UHU <h 11 ---h nn <\ 1 ---X n = det ^H'U = det H' . 

Furthermore, if the equality holds, then = for all i ^ j and ha = Xi for all % by the 
equality condition of Hadamard's inequality. Thus t UHU = t UH'U. Hence h = hi . □ 

Let k C K be an extension of algebraic number fields and Ok and Ok the ring of 
integers of k and K respectively. We set Sk = Spec(Ofc) and Sk = Spec(Ox) and denote 
by / the natural morphism Sk — ► Sk- If for a E (5'fc) 00 we set 

f- 1 (a) = {a'e(S K ) 00 \ = 
we have a natural isomorphism 

/*(y)<g>c^ v®c, 

a 

where /*(V) <E> C is a tensor product by the embedding a : k C. Thus we have a 

k 

a 

metric h'(a) on /*(V) <E> C by the above isomorphism. We denote this Hermitian module 

k 

on Sk by (/*V, f*h) and call it the push-forward of (V, h). The Riemann-Roch theorem 
in this situation asserts 

deg L2 (/*F, f*h) = deg L2 (V,h) + (rkV) deg L2 (/ t O K , /* can^). 

Proposition 3.5. Let (E, h) be a Hermitian module on Sk- Then the set 

{fi L 2(F, hp) | F is a sub-sheaf of E and hp is the induced metric by h.} 

is discrete subset o/R and bounded as above. 
Proof. We set 



M z (£,/i) = ^deg L2 (F,M 



F is a sub-sheaf of E with rk(F) = / and 
Hf is the induced metric by h. 
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Then we have 

{li L 2{F, Hf) I F is a sub-sheaf of E and /if is the induced metric by h.} = 
M (E, h) U Mi(E, h) U • • • U jMt(E, h) U • • • U -^M rki? (£, h). 

Thus it is sufficient to see that Mi(E, h) is discrete on R and bounded as above for each 
/. Let E tor be the torsion part of E and E = E/E tor . Let F be a sub-sheaf of E with 
rkF = /, F tor the torsion part of F and F = F/F tor . Then, 

deg L2 (F, /i F ) = log#(F tor ) + deg L2 (F, hp), F C E and F tor C F tor . 

Thus we have 

Mj(£, /i) C Mi(E, h) + {log(i) | i G Z with 1 < i < #(F tor )} 

Therefore we may assume F is torsion free. 

If we denote by / the natural morphism Sk — ► Sq, by Riemann-Roch theorem, we 
have 

degLz(f* F J* h F) = deg L2 (F, h F ) + I deg L2 (f*0 K , f* can K ) 

implies 

M,(£?,/i) C M ln (f*E,f*h)-ldeg L 2(f*0 K ,f*cim K ), 

where n = [K : Q]. Thus we may assume K = Q. Since M Z (F, /i) C Mi(/\^ £, /\ Z /i), we 
may furthermore assume 1 = 1. 
We set E = Zxi © • ■ ■ © Zx r and 

/ h(xi, x\) ■ ■ ■ h(xi,x r ) \ 
H= : : 

\h(x r ,xi) ■■■ h(x r , x r ) J 

Since H is a Hermitian matrix, there is an unitary matrix U such that 

H = t Udiag(X 1 ,... ,X r )U 

and < Ai < ■ • • < A r . Let F be a sub-module of E of rank 1. We set F = Z(aiX\ + 
■ ■ ■ + a r x r ), ai G Z (1 < % < r) and (b\, . . . , b r ) = (a\, . . . , a r YU. Then 

deg L2 (F, h F ) = ~logh((a u . . . ,a r ),(ai,... ,a r )) 
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Thus since |ai| 2 + h |a r | 2 = |&i| 2 + h |6 r | 2 , we have 

-- log(A r (|ai| 2 + • • • + |a r | 2 )) < deg L2 (F, h F ) < ~ log(Ai(|ai| 2 + • • • + |a r | 2 )) 

Thus deg(F, hp) < — log(Ai), which shows Mi(E,h) is bounded as above. Here we 

assume that Mi(E,h) is not discrete in R. Then there is a sequence {F n } such that 
F n are distinct rank 1 sub-sheaves of E and lim deg L2 (F n , hp n ) exits. We set F n = 

%{a^x\ + • • • + cirX r ). Since F n are distinct, we have 

lim |4 n) | 2 + --- + |a^| 2 = oo. 

Thus by the above inequality, lim deg L2 (F n , hp n ) = — oo. This is a contradiction. □ 

Proposition 3.6. Let k C K be an extension of algebraic number fields and Ok and 
Ok the ring of integers of k and K respectively. We denote by f the natural morphism 
Spec(Oif) — > Spec(Ofc). For a Hermitian module (L,h) on Spec(O^) of rank 1, there 
is a constant C such that 

fx L 2 (F, hp) < Cm 

for all m > 1 and all Ok-submodule F of f*L m , where hp is the induced metric by f*h m . 

Proof. First we claim that we may assume L = Ok- Let x be a non-zero element of L. 
We define a homomorphism <p m : Ok — > L m by m (l) = x <g) • • • <g) x. Let h\ be the 
induced metric of Ok by <p\. Then clearly the induced metric by 4> m is equal to h™. We 
set Q m = Coker((/) m : Ok — ► L m ). We consider the exact sequence: 

— > f*OK — > f*L m — > f*Q m — > 0. 

Let F be a Ojt-submodule of /*L m . Then, 

deg L2 (F) < deg L2 (F n f*0 K ) + log#(Q m ). 

Thus we have the claim. 

Let F be a Ofc-submodule of f*OK- Let hp be the induced metric by f*h m and /i^ 
the induced metric by /* can^. Then, it is easy to see that 

tiL*(F,h F ) = n L *(F,h' F ) -j Yl lo sMM). 

Hence we have our proposition by Proposition 3.5. □ 
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4. Asymptotic behavior of L 2 -degree of submodules of H°(L m ) 

A main purpose of this section is to prove the following theorem. 

Theorem 4.1. Let K be an algebraic number field, Ok the ring of integers of K and 
f : X — > Spec(Ox) an arithmetic variety over Ok- Let (L,h) be a Hermitian line 
bundle on X , (E 1 , He) a Hermitian vector bundle on X , and h m a Hermitian metric of 
H°(X, L m <S> E) induced by h m ® He- Then there is a constant C such that 

deg L2 (F,/i F ) 

— < Cm log m 

rk F 

for all m > 1 and all submodules F of H°(X, L m ®E), where Kf is the Hermitian metric 
induced by h m . 

First of all, we prepare the following Lemma. 

Lemma 4.2. Let M be a compact Kahler manifold of dimension d, (L, h) a Hermitian 
line bundle on M and $ a Kahler form on M. Let s G H (M,L) be a smooth section 
and V the set of zero points of s. Then there are constants C and C such that 

I h rn - 1 (t,t)$ d <Cm 6d [ h m (s(E)t,s®t)$ d 
for allm>l and t e H°(M, L m_1 ) and that 

[ hTfat)**- 1 <C'm 2d f h rn (t,t)$ d 
Jv Jm 

for allm>\ and t e H°(M, L m ). 

Proof. Here we claim the following sublemma, which can be proved by the same idea 
(due to M. Gromov) as in the proof of Proposition 3 of [GS88]. 

Sublemma 4.2.1. For a real number p > 1, there is a constant C such that 

\\t\\ sup < Cm 2d / p \\t\\ LP 
for allm>\ and t e H°(M, L m ). 

Proof. Let x be a point of M, U x an open neighborhood of x, 

u x ^v x c c d 

a local chart, and u x a local basis of L. From now, we identify U x with V x . We set 

q x (z) = h(u x ,u x ) and 

r(a,b) = \a 1 -bi\-\ h \a d - b d \ 
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for a = (ai,... ,a d ),b= (b 1 , . . . , 



bd) G U x . Moreover we set 



S(a, R) = {(zi, . . . , ^d) G £7 X | |zj — ai| < for all i} 



for a point a = (ai, . . . , a^) G and > 0. Shrinking £/" x if necessary, we may assume 
that there is a constant K T such that 



for all a, b G £7 X . Thus there are an open neighborhood W x C U x of x and a constant r x 
with the following properties: 

(1) B(a, r x ) C C/a, for all a G VF X . 

(2) (/ x (z) > q x (a) — K x r{a,z) > for z G _B(a,r x ) and a G W^. 

Since M = UxeM and M is compact, there are finitely many x\, . . . ,x n such that 
M = Ur=i W^i- For simplicity, we set U t = U Xi , W t = W Xi , m = u Xi , q t = q x ., K t = K Xi 
and Ti = r Xi . Let t be a section of H (M, L m ). Since M is compact, we can take a G M 
with ||t||sup = \fh m (i, t)(a). Let a G Wj (1 < i < n). Using local basis itj, we write 




We take constants gi, Gi and C{ such that ^ < qi(z) < Gi for all z E Ui and $ d > 
Cidxidyi ■ ■ -dxddy d , where Zj = Xj + \f^\yj for 1 < j < d. Let l m be the integral part 
of pm/2 and l' m = pm/2 — l m . Since is subharmonic, we have 



q x (a) -Qx(b)\ < K x r(a,b) 




t = f(z)u™. Then, 



h m {t,ty/ 2 = \f{z)\ p qi {zy m ' 2 . 





\f(z)\ p ( qi (a) - K ir (a, z)y m dx 1 dy 1 ■ ■ ■ dx d dy d 



>(2n) d C ig f-\f(aWx 




R x ■ ■ ■ R d ( qi (a) - Ki{R x + ■■■ + R d )Y m dR 1 ■ ■ ■ dR d . 



On the other hand, by an easy calculation, we can see 
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where A > 0, B > 0, r > 0, A — Br > and / is a non-negative integer. Hence we have 



1 - (7^~1 )•'(/,„ • 2)'' 



{2n) d C ig L rri i „\\v„ / „\lj 



ll 



^dSra(S) m|/(a)l ^ ( " r ' /2 



> i^) d ^ d (9i_ i MP 



(pm/2 + \) d (pm/2 + 2) d \G l 
Here we take a constant C such that 

(2n) d C t r 2d C 



sup - 



> 



{pm/2 + l) d (pm/2 + 2) d \Gi J ~ m 2d ' 
for all m > and 1 < z < n. Then 

Thus we have our sublemma. □ 

To prove the first part of Lemma 4.2, it is sufficient to see the following claim. 
Claim 4.2.2. There are constants C\ and such that 

\\t\lL 1 < Cim d \\s <g> t\\ L 2 

for allm>\ and t E H°(M, L m_1 ) and that 

\\t\\ L 2 < C 2 m 2d \\t\\ L i 

for allm>\ and t e H°(M, L m_1 ). 
Since h(s, s) -1 / 2 is integrable, we have 

/ h m - 1 (t,t) 1/2 $ d = [ h(s,s)- 1/2 h m (s®t,s®t) 1 / 2 $ d 



< (^J h(s,s)- 1/2 $ d ^J \\s®t\ 



sup- 



Thus by Sublemma 4.2.1, we have first inequality of Claim 4.2.2. 
Clearly there is a constant C 3 such that 

INU 2 < C3| 1*1 |sup 
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Therefore Sublemma 4.2.1 implies second inequality of Claim 4.2.2. 

Next we consider the second assertion of Lemma 4.2. Let v be the volume of V. Using 
Sublemma 4.2.1, for some constant C4, we have 



f ^(M^-^ll^llsup 

Jv 



|2 

I sup 



< V\\t\„ 

< vC 4 m 2d I /,'"(>, f )<I>' 



/ h m (t,ty 



Thus we get Lemma 4.2. □ 



Now let us go back to the proof of Theorem 4.1. To get Theorem 4.1, clearly we may 
assume that X is normal. 

4.3 Reduction 1. We may assume that E is a line bundle. 

Let g : Y = P(S) — > X be the projective bundle of E and 0(1) the tautological line 
bundle of E. We can define the quotient metric ho(i) on 0(1) by the natural surjective 
homomorphism g*(E) — > 0(1). We consider an isomorphism: 

a m : H°{X, L m ® E) — > H°{Y, g*(L) m ® (9(1)). 

Let F be a submodule of H (X, L m ® E). Let hp be a Hermitian metric of F induced 
by h m ®Iie and fa am (F) a Hermitian metric of cn m (F) induced by g*(h) m ® ^o(i)- Then, 
by Proposition 3.3, we have 

/"(F, M < /u(a m (F), h am{F) ). 

Thus we get Reduction 1. 

4.4 Reduction 2. We may assume that H°(X, E) ^ 0. 

Let (£", /i S /) be a Hermitian line bundle on X such that H°(X, E') ^ and H°(X, E® 
E') 7^ 0. Let s\ be a non-zero section of H (X, E'). We consider an injective homomor- 
phism: 

p m : H°{X, L m ®E)^> H°{X, L m ®E®E'). 
We take a constant Bi such that ||(si) CT || sup < Si for all a G Then we have 

\\Pm(t) a \W <Bx\\t a \\ L * 

for all t G H°(X,L m <g> £7) and all a G if^. Thus, by Proposition 3.3, for a submodule 
F of L m ® S), we obtain 

fc F ) < n(p m (F), h Pm{F) ) + [K:Q] log Si. 

Therefore, we get Reduction 2. 
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4.5 Reduction 3. We may assume that E = {Ox,ca,n K ). 

Let S2 be a non-zero section of H°(X,E). We consider an injective homomorphism: 

m — 1 

>y m :H (X,L m ®E)®-^ H°{X,{L®E) m ). 

We take a constant I?2 such that ||(s2)o-||sup < -^2 for all a G i^oo- Then, by the same 
way as in Reduction 2, for a submodule F of L m ® £"), we have 

//(F, /if) < M7 m (^)^ 7m (F)) + (m - 1)[K : Q] log S 2 . 
Therefore, we get Reduction 3. 

4.6 Reduction 4. We may assume that L is very ample. 

Let (Z/, be a Hermitian line bundle on X such that H°(X, V) ^ and L <g> L' 
is very ample. Let s 3 be a non-zero section of H°(X,L'). We consider an injective 
homomorphism: 

d m : L m ) ^> H°(X, (L ® L') m ). 

We take a constant S3 such that ||(s3) -|| S up < -B3 f° r & h cr G i^oo- Then, by the same 
way as in Reduction 2, for a submodule F of H°(X, L m <g> E 1 ), we have 

< ^(5 m (F),/i 5m(F) ) + m[K : Q] logS 3 . 

Therefore, we get Reduction 4. 

4.6. Let us go to the main part of the proof of Theorem 4.1. Gathering Reduction 
1-4, we may assume that (E, h) = (Ox, canjf) and L is very ample. We use induction 
on dim/. If dim/ = 0, this theorem holds by Proposition 3.6. Here we remark the 
following. 

Remark 4.7.1. For a base extension Spec(OK') — ► Spec(OK) and O^-submodule 
F C H°(X, L m ), we get 

F®0 K > Q H°(X <g> K ', (L <8> O K m ) 

and 

H L *{F <g> Ojf/, /i F <g> OjfO = [K' : K]fi L 2(F, h F ). 

For s G H°(X, L), we denote by div(s) the set of zero of s. Since L is very ample, by 
the above Remark 4.7.1, considering a base change of / : X — >■ Spec(Ox) if necessarily, 
we may assume that there is a section s G H°(X,L) such that div(s) — ► Spec(O^) is 
generically smooth. Let V = div(s), V the horizontal component of V, ly the defining 
ideal of V. We give a Hermitian metric hj v of ly by h~ x . Let 

X > Spec(OK') — ^ Spec(Ox) 
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f 

be the Stein factorization of X — ► Spec(0^-). Then flyly ® Ox{V')) is a torsion free 
sheaf of rank 1 and the natural homomorphism 

Iv <8> CMO — ® Ox(O)) 

is injective because 7y ® 0x(^') is isomorphic to Ox x / on the generic fiber Xjc> of 
/'. Since fi(Iv <E> Cx(^')) i s °f r ank 1, there is a factorial ideal A of Ok such that 
/£(iy <g> CMV)) C tt*(A). In particular, we have 7y <g> O x (V) C /* (A). Here we give a 
trivial Hermitian metric /m to A. Then the inclusion ly ® Ox (V) C is isometry. 

Let F be a submodule of H°(X, L m ) and the induced metric by h m . We consider 
the exact sequence: 

-> 77° (X, L m <g> 7 V ) -> #°(*, -> #°(V, L m ). 

We set T = F n 77°(X, L m <g> 7 V ) and Q = F/F n 77°(X, L m <g> 7 V ). Let h T be the 
submetric of Iif and /iq the quotient metric of hp. Then by Proposition 3.2, we have 

(4.7.2) fi L *(F t h F ) = ^—fi L 2(T,hT) + -^w(Q,h Q ), 

where t = rkT and q = rkQ. Let h' T be the submetric induced by h m <S> hi v = h m ~ 1 . 
Since Q is a submodule of 77°(V, 7 m ), we get a metric fag induced by {h\ v ) m . If we set 
d = dim/, by Proposition 3.3 and Lemma 4.2, there are constants C\ and C 2 such that 

,, 7 ^ , T , w /rp 7 / \ . logCi+6dlogm 

(4.7.3) ^ L 2 (T, /i T ) < ^ L 2 (T, /i T ) H [K : Q] 

and 

(4.7.4) < ^(Q,^q) + l °sC2 + 2d\ogm [K ; ^ 

for all m > 1. By hypothesis of induction, there is a constant C3 such that 

(4.7.5) n L 2{N,h N ) < C 3 m log m 

for all m > 1 and all submodule N of 77° (V, L m ). On the other hand, due to Proposi- 
tion 3.5, we can take a constant C4 such that 

(4.7.6) VLi(P,h P )<C 4 
for all submodule P of 77° (X, L 2 ). Moreover 

^ L 2(T,h' T ) = (jL L a(T® A- x ,h' T <g> /i^ 1 ) + ^ L2 (A, /i A ) 
and T <g> A -1 C 77° (X, L m_1 ). We choose C satisfying 



(4.7.7) 



, . , . log Ci + 6d log m r T ^ ^, 
// L2 (A,fe A )+ S 2 — [7T : Q] < Clogm 

logC 2 + 2dlogm 
(73m log m H [K : Q\ < Cm log m 



K C 4 < C(21og2) 
for all m > 0. Here we claim: 
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Claim 4.7.8. Hl 2 (F, hp) < Cm log m for allm > 1 and all submodules F ofH°{X, L m ). 
We prove this claim by induction on m. By hypothesis of induction on m, we have 

H L 2(T® A~ x ,h! T ® h^ 1 ) < C(m -l)log(m-l). 

Thus by (4.7.3) and (4.7.7), we get 

Hl 2 (T, hr) < Cm log m. 

On the other hand, (4.7.4), (4.7.5) and (4.7.7) imply 

fiL 2 (Q, ho) < Cm log m. 

Hence by (4.7.2), we obtain 

t q 

Ul 2 (F, hp) < Cm log m H Cm log m = Cm log m. □ 

t+q t+q 
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5. Vanishing of a certain Bott-Chern secondary class 
This section is devoted to prove the following lemma. 

Lemma 5.1. Let C be a compact Riemann surface, E a vector bundle of rank r on C 
and h a projectively flat metric of E. Let f : Y = F(E) — > C be the projective bundle 
of E and CV(1) the tautological line bundle. Let £ : — > F — > f*E — > CV(1) — > 6e 
£/ie canonical exact sequence. We give the canonical Hermitian metrics on F , f*E and 
Oy(X) induced by the Hermitian metric h of E. Then we have 

Cl (o Y (i)) - ±rME))) p^-i)%(£) Cl (o Y (i)y-^ = o. 

Proof. First we notice that we may assume that det E is divisible by r in Pic(C) consid- 
ering a finite covering of C. We set 

m = £(-i)*c i (£)c 1 (0Hi)r-*. 

i=l 

Let L be a Hermitian line bundle on C. We will see $(£ <E>L) = <£•(£) . Using the formula 
of (1.3.3.2) in [GS90b], we have 

*{E ®L) = Yji-\)%{S ® L) ( Ci (O y (1)) + r (ci(L))) r -< 
i=i 

r 

= £(-1)' (Si(£) + (r-t + lYa-^t (ci(L))) x 
i=i 

( Cl (O y (l))— + (r - ^(Oy^y-^r (ci(L))) 

r 

= $(5) + £(-l)'(r - i)c i (£)c 1 (O y (l))'- < - 1 r (ci(L))+ 
1=1 

£(-l) 4 (r - • + lyc^S^OyWy-tf* ( Cl (L)) 
i=i 

= <&(£). 

Since det-E is divisible by r in Pic(C), we can take a Hermitian line bundle {L,hi) 
such that {L,h L )® r = (det det /i). We set E' = E ® L _1 . Then ci(-E') = 0. These 
observations show us that we may assume that ci(.E) = 0. 
Thus, to get our assertion, it is sufficient to see that 

J^uz)ci{o Y {i)y- i+1 = u 
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for % = 1, . . . , r. We denote the homomorphisms F — > f*E and f*E — > Oy(l) by 
i and r respectively. Let p : Y x P 1 — ► Y and g : F x P 1 — ► P 1 be the natural 
projections. Let a G H (P , Cpi(l)) be a non-zero section such that cr(oo) = 0. Let 
^o p i(i) be a metric of Opi(l) such that ho rl (i)(cr,cr)\ Q = 1. We set 

E = Coker © (id p * F ©a) : p*F — ► © © g*Opi(l))) . 

Let F 1 - be the orthogonal complement of F in f*E. Using the natural bijective homo- 
morphism 

p*F~ L © (p*F © q*Opi (1)) — > E, 
we give a metric h on £\ Let x, x' G p*f*E and 

a; = Xi + ^2 (iCi G p*-F, £2 G f^F -1 ), a;' = + x' 2 (x[ G x' 2 G f^-F -1 ) 
the orthonormal decompositions. Then we have 

h{x, x') — }ie{x, x') = (| I cr 1 1 2 — x'i). 

These observation shows us that (E, h) { j * s lsorae ^ xlc t° (f*E,liE)- On the other 
hand, clearly (E,h) is isometric to (F,hp) © (Oy (1), ^ev(i))- Hence by the 

Yx{oo} 

construction of q(£) (cf. 1.3) 

Ci(£) = [ Cl {E,~h)\og\z\\ 
where z is an inhomogeneous coordinate of P 1 . Thus using Fubini's theorem, we have 
J c t (^) Cl ((!)Hl)) r - !+1 = J | Cl (Oy (1))^ +1 J *(E, h) log |^| 2 } 

p* Cl (Oy(l)y- i+1 Ci (E, h) \og\z\ 2 
= J |log|^| 2 ^*C 1 (O y (l))^+ 1 Q(E,/ l )}. 

Hence it is sufficient to see that 



/ 

JYxI 



J p* Cl {0 Y {W~ iJrl Ci{E,h) = 



for z 7^ 00. Since E is flat, we can take a local flat frame sq, . . . , s r _i of E such 
that hE(si,sj) = 5ij. Let Xo, . . . ,X r -i be a homogeneous coordinate of Y = ¥(E) 
corresponding to sq, . . . , s r _i. On Xq 7^ 0, we set Zi = Xi/Xo and 

So + Z\S\ + h Z r -iS r -i 

9 = 



1 + N 2 H + P 



r-l 
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Then g G F 1 - and r(g) = t(s ). Since 

so = (s - g) + g and Si = (sj - z t g) + Zig (i = 1, • • • , r - 1) 
are orthogonal decompositions of sq and Sj respectively, we have 
{h{si, Sj )) = ||a|| 2 (<%) + 



1 - 1 


cr 


12 


1 + 




2 + - 


•• + 


Zr-1 


2 



/ 1 


Zl 


Z2 


Z r -1 \ 


Zl 


N 2 


ZlZ 2 


ZlZ r _l 










Z2 


Z 2 Zl 


\Z2? • 


• ^2^r-l 


\Z r -l 


Zr-lZl 


Z r -lZ~2 ■ 


• \Zr-l\ 2 / 



Thus we get 

c^i?, h) G A ' [dz, dzi, . . . , e/2: r _i, ciz, dfi, . . . , <iz r _i] 
On the other hand, since 

1 



hE(g,g) 



1+ \Zl\ 2 + ---+ kr-ll 2 ' 



we obtain 



ci(CV (1)) G A°'°[dzi, . . . , dz r _i, dzi, . . . , dz r -\\. 
Therefore since p*ci(Oy (l)) r ~ l+1 Ci(E, h) is (r + 1, r + l)-form and lies in 

A°'°[dz, dzi, . . . , dz r _i, dz, dzi, . . . , dz r _i], 

we obtain 

p*ci(0 Y {l)y- l+1 c % (E, h) = 
on the chart X Q ^ 0. Hence we have our lemma. □ 
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6. Donaldson's Lagrangian and arithmetic second Chern class 

Let M be an n-dimensional complex manifold, and E a vector bundle of rank r on M. 
Let h and k be Hermitian metrics of E, and {h t }o<t<i a C°°-deformation of Hermitian 
metrics of E such that ho = h and hi = k. Let R t be the curvature of h t . We set 

Qi(E,h, k) = log(det(/i)/det(AO), 

Q 2 (£, /i, fc) = v 73 ! / tr(/i f - 1 • (<9A) • R t )dt, 
Jo 

ch 2 (E, h, k) = ch 2 (0 -> (£, fc) -> (£, /i) -> (0, 0) -> 0). 

By Lemma (3.6) in Chapter VI of [Ko], Q 2 (E, h, k) is uniquely determined by h and k 
up to d(A 0,1 ) +d(A 1,0 ). Then, by comparing (1, l)-part of the formula in Corollary 1.30, 
ii) of [BGS], we have the following lemma. (Note that ch 2 (E, h, k) = ch 2 (0 — > (E, h) — > 
(E, k) -> (0, 0) -> 0) in the sense of [BGS].) 

Lemma 6.1. di 2 (E,h,k) = -—Q 2 (E,h,k) modulo d(A ' 1 ) +d(A 1 >°). 

2tt 

Here we assume that M is compact and Kahler. Let $ be a Kahler form of M. The 
Donaldson's Lagrangian DL(E, h, k; $) is defined by 

DL(E,h,k;<f>) = / (Q 2 (E,h,k)--Q 1 (E,h,k)$)A- — , 

Jm n (n-1)! 

where 

2mr [ ci(£)A$ n_1 



r 



M 



We fix a Hermitian metric k of -E. Then, by Proposition (3.37) in Chapter VI of [Ko], 
the following are equivalent. 

(i) DL(E, ho, k; <&) gives the absolute minimal value of 

{DL(E, h, k; $) | h is a Hermitian metric of E}. 

(ii) /io is Einstein-Hermitian. 

Lemma 6.2. Let K be an algebraic number field and Ok the ring of integers. Let 
f : X — > Spec(0K) be an arithmetic variety with dimX = d > 2, and (H,hn) a 
Hermitian line bundle on X such that, for each a G K^, c\{H a , hn a ) gives a Kahler 
form <3> CT on an infinite fiber X a . Let E be a vector bundle on X , and h and h' Hermitian 
metrics of E. If det(h) = det(h'), then we have 

(c 2 (E,h) -c 2 (E,h')) ■c 1 (H,h H ) d ~ 2 = ^7^ E DL(E a ,h a ,h' a ;$ a ). 
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Proof. Since det(h) = det(h'), we have ci(E, h) = ci(E, h'). Thus we get 

c 2 {E, h) - c 2 (E, ti) = -(ch 2 (£, h) - ch 2 (£, h')). 
Therefore, by Lemma 6.1, we obtain 

c 2 (E,h)-c 2 (E,h') = ±- Q2(E a ,h a ,h' a ). 

Hence we have our formula because Qi{E a ,h a ,h' a ) = for all a G K^. □ 

Theorem 6.3. Let K be an algebraic number field and Ok the ring of integers. Let 
f : X — > Spec(OK) be an arithmetic variety with dimX = d > 2, and (H,hn) a 
Hermitian line bundle on X such that, for each a G i^oo, ci(H a , hn a ) gives a Kahler 
form $o- on an infinite fiber X a . Let E be a vector bundle of rank r on X . For a 
Hermitian metric h of E, we set 

A(E,h)= (d 2 (E,h)- r -j^c 1 (E,h) 2 ^j ■c 1 (H,h H ) d - 2 . 

If E is $ a -poly- stable on each infinite fiber X a , then we have; 

(1) the set A = {A(E, h) \ h is a Hermitian metric of E} has the absolute minimal 
value. 

(2) A(E, ho) attaches the minimal value of A if and only if ho is weakly Einstein- 
Hermitian on each infinite fiber. 

Proof. Since E is poly-stable on each infinite fiber, there is an Einstein-Hermitian metric 
k of E. We set p = ^/det(k) / det(h) and h! = ph. Then it is easy to see that det(h') = 
det(h) and A(E, h) = A(E, h'). Thus by Lemma 6.2, 

A(E, h) - A(E, k) = A(E, h!) - A(E, k) 

= (c 2 (E, h') - c 2 (E, k)) ■ C!(H, h H ) d ~ 2 

= ( -^r L ^ DL(E a ,h' a ,k a ;^). 

Here, since DL is the Donaldson's Lagrangian, we get 

DL(E a ,ti a ,k a ;<S> a )>0 

and the equality holds if and only if h' is Einstein-Hermitian on each infinite fiber. Thus 
we have our theorem. □ 
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7. Second fundamental form 

Let M be a complex manifold and (E, h) a Hermitian vector bundle on M. Let 
O^S'^E'^Q^Obean exact sequence of vector bundles. Let h! and h" be Hermit- 
ian metrics of S and Q induced by h respectively. Let E = S © S 1 - be the orthogonal 
decomposition of E by h. Let D(E,h), D(S,h') and D(Q,h") be the Hermitian con- 
nections of (E,h), (S,h') and (Q,h") respectively. Moreover, let K(E,h), K(S,h') and 
K(Q,h") be the curvatures of (E, h), (S,h') and (Q,h") respectively. The Hermitian 
connection D{E, h) has the following form: 

D ( L ^)-[ A D(Q,h") J ' 

where A e A 1 '°(Hom(5', S 1 - 1 )) and A* is the adjoint of A. A is called the second funda- 
mental form of 

-> (5, //) -> (E, /i) -> (Q, /i") -> 0. 

It is well known that the exact sequence O^S^E^Q^O induces the orthogonal 
decomposition (E 1 , h) = (S, h") © (Q, h") if and only if A vanishes identically. We set 

D t = D(E, h) + (e* - 1) ^ °) and K t = (D t f. 

Then, by Proposition 3.28 and Lemma 4.7 of [BC], we have 
tr(K(E,hf) -tr(Kf) = 

w^(/>(.,(; »).*)}*). 

Therefore, since tr(ET(S', /i')) is (i-closed, by an easy calculation, we get 

tr(K(E, hf) - tr(K?) = -47r v /Z T(l - e t )dd c (tr(A* A A)) . 
Thus we obtain 

tv(K(E, hf) - tv(K(S, h'f © K(Q, h"f) = -4nV^Tdd c (tr(A* A A)) 

because 

lim tr(ET t 2 ) = tv(K(S, h'f © K(Q, h"f). 

t— > — oo 

These observations show us the following lemma. 
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Lemma 7.1. W^i/i notation being as above, we have 

ch 2 (E, h) - ch 2 ((S, ti) © (Q, h")) = dd c tv(A* A A^J . 

In particular, by the axiomatic characterization of ch 2 , we get 

ch 2 (0 -> (5, //) -> (E, h) -> (Q, /i") -> 0) = ^ tr(A* A A) 

Z7T 

moduZo ^(A ' 1 ) + 9(A 1,0 ). 

Remark 7.2. In the sense of [BGS], 

ch 2 (0 -> (5, ft') -> (£, /i) -> (Q, ft") -> 0) = tr(A* A A). 

Here we assume that M is an n-dimensional compact Kahler manifold with a Kahler 
form Let 1 , . . . , 9 n be a local unitary frame of Q} M . Then $ = v^E & A We 
set A = AO*. Since A* = £ we get 

, $ n -! , JL _. 

v^Ttr(A*AA)A ? 777 = ^ £ trL4*A^)(0*A^)A- - 

= -J2 t*W A A i )y/^l(9 i A 0*) A - 



= ~\A\ 2 — , 



n 



which implies that 



/ 



ch 2 (0 -> (5, ft') - (£, ft) - (Q, ft") - 0) A — = - — I | A|| 2 . 

' m {n-iy. 2tt 

Thus we have the following proposition. 

Proposition 7.3. Let K be an algebraic number field and Ok the ring of integers. We 
denote by the set of all embeddings of K into C. Let f : X — > Spec(O^) be a 
regular arithmetic variety with dim X = d > 2, and (H, fin) a Hermitian line bundle on 
X such that, for each a G K^, c\{H a , ftij CT ) gives a Kahler form Q a on an infinite fiber 
X a . Let O^S^E^Q^Obean exact sequence of torsion free sheaves such that 
each torsion free sheaf is locally free on the generic fiber. Let h be a Hermitian metric 
of E, and h' and h" Hermitian metrics of S and Q induced by h respectively. Then, we 
have the following: 

(d-2)! 
2tt 



(^h 2 (E,h)-^h 2 ({S,h')(B(Q,h'')))-c 1 (H,h H ) d - 2 = - [ -^^ Yl H A -I 
{c 2 {E,h)-c 2 {{S,ti)®{Q,ti')))-c 1 {H,h H ) d - 2 = ^Z^L \\A a \\ 2 . 



2tt 
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Corollary 7.4. Let K be an algebraic number field and Ok the ring of integers. We 
denote by the set of all embeddings of K into C. Let f : X — > Spec(Ox) be a 
regular arithmetic variety with dim X = d > 2, and (H, hn) a Hermitian line bundle on 
X such that, for each a G K^, ci(H a , hn a ) gives a Kahler form Q a on an infinite fiber 
X a . Let 

= £ c£iC-C Ei-! C Ei 

be a filtration of torsion free sheaves on X such that 

(i) Ei is locally free on the generic fiber for every 1 < % < I, and that 

(ii) Ei/Ei-i is torsion free and locally free on the generic fiber for every 1 < i < I. 

Let hi be a Hermitian metric of Ei and hi the induced metric of Ei by hi. Let Qi = 
Ei/Ei-i and ki the quotient metric of Qi induced by hi. Then, we have 

{c 2 (E h hi) - c 2 ((Qi, fci) • • • © {Qi, hi))} ■ C!(H, h H ) d - 2 > 0. 

Further, the equality of the above inequality holds if and only if (Ei, hi) is isometric to 
(Qi, hi) © • • • © (Qi, hi) on each infinite fiber. 

Proof. We will prove the following inequality inductively. 

{c 2 (E h hi) - c 2 ((Ei, hi) © (Q i+1 , k i+1 ) © • • • © (Q h ki))} ■ c^H, h H ) d ~ 2 > 0. 

In the case where i = I — 1, the above inequality is an immediate consequence of Propo- 
sition 7.3. Here we consider an exact sequence: 

-> E t _! -^Ei^Qi^O. 

By Proposition 7.3, we have 

{c 2 (Ei, hi) - c 2 {{Ei_ u hi-!) © (Qi, h))} ■ c 1 (H, h H ) d ~ 2 > 0. 

Therefore, we obtain 

{c 2 ((Ei, hi) © (Q i+ i, k i+1 ) © • • • © (Q h h))- 

c 2 {{Ei_ u h^) © (Qi, h) © (Q i+1 , k i+1 ) © • • • © (Q u ki))} ■ c^H, h H ) d ~ 2 > 0. 

Hence, combining hypothesis of induction, we get 

{MEi,hi)-c 2 ((E i - 1 ,h i - 1 )®(Q i ,k i )®---®(Qi,k l ))}-c 1 (H, h H ) d ~ 2 > 0. 

Thus we have our corollary. □ 
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8. Proof of the main theorem 
First of all, we will prepare the following two lemmas. 

Lemma 8.1. Let k an algebraically closed field and K an extension field of k. Let X be 
a normal projective variety over k, H an ample line bundle on X , and E a vector bundle 
on X . Then E is H -stable (resp. H-semistable) if and only if E ® k K is H ® k K -stable 
(resp. H ® k K -semistable). 

Proof. Clearly, if E® k K is H <g>fc if-stable (resp. H ® k if-semistable) , then E is if-stable 
(resp. if-semistable) . 

We assume that E ® k K is not H <%> k K-stable (resp. not H ® k K-semistable) . Then 
there is a subsheaf F of E ® k K with fx(F) > n(E) (resp. [J,(F) > (J,(E)). Here we can 
take elements x±, • ■ • ,x n of K such that F is defined over k(xi, . . . , x n ). We consider a 
normal projective variety Y over k such that k(Y) = k(x±, . . . , x n ). We set Z = X x k Y 
and let p : Z — > X be the projection. By the assumption, for the generic point r\ G Y, 
P*(E)\xx{f}} * s not f -stable (resp. not ii" -semistable) . Therefore, by [Mai], P*(E)\xx{y} 
is not if-stable (resp. not if-semistable) for all closed point y of Y. Thus E is not in- 
stable (resp. not if-semistable) . □ 

Lemma 8.2. Let k be a Galois extension over Q with a Galois group G = Gal(/c/Q). 
Let X be a smooth projective variety over k, H an ample line bundle on X , and E a 
vector bundle on X. Then if E <S>fc Q is stable (resp. semistable), then, for every a G G, 
E ® k Q is also stable (resp. semistable) , where E ®£ Q is a tensor product with using an 
embedding a : k — > Q. 

Proof. Assume that E&1Q is not stable (resp. not semistable). Then there is a subsheaf 
F of E ®% Q such that n(F) > n(E) (resp. > fi(E)). We may assume that F is 

defined over a field k' such that k C k' and k' is a Galois extension over Q. We take 
an element a' of Gal(A//Q) with o~'\ k = a. Here we give a right /c'-module structure to 
(E ® k k') by (e <8> a) • A = e <8> acr ; (A). Then if we consider a correspondence e ® a <8> b -w 
e ® o-' -1 ^)^'^), we can easily to see that (i? ®^ fc') <S>%> k! ~ i? ®fc fc'. Moreover, if we 
give a right /c'-module structure to (i? ®^ fc') fc' by (e <8> a <8> b) ■ A = e <g> a ® (A) , 

then the above is an isomorphism as /c'-modules. Thus F® k , k' is a subsheaf of E® k k' . 
On the other hand, since the intersection number does not change by an extension of the 
grand field, we have n(F) = /i(F <S>%', k'). This is a contradiction. □ 

Let us start the proof of the main theorem. We follow steps in Introduction. 

8.3 Step 1. We try to reduce our theorem to the case where E is poly-stable on each 
infinite fiber. Since E ®k Q is semistable, there is a Jordan-Holder filtration of E ®k Q- 

= E Q CE 1 C---C E x _ x C Ei = E <S>k Q 

such that Ei/Ei-i is stable for all 1 < i < I and h(E\/Eq) = n(E2/Ei) = ■■■ = 
n(Ei/Ei-i). Considering a base change of Ok, we may assume that Ei is defined over K 
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and K is a Galois extension over Q. Moreover, if we take a suitable birational change of 
X, we may assume that X is regular, Ei is defined over X and that Ei/Ei-i is torsion 
free. We set Qi = Ei/Ei-i. We give a Hermitian metric hi to each Ei induced by h. 
Here we consider an exact sequence: 

-> -> -> Qi -> 0. 

Let fei be the quotient metric of Qi by the above exact sequence, and Q^ v the double 
dual of Qi. Lemma 8.1 and Lemma 8.2 imply Q\ v © • • • © Q z vv is poly-stable on each 
infinite fiber. Thus by hypothesis of reduction, we have 

M(Qi v , h) © • • • © (Q, vv > - ^ci((Qr, fci) © • • • © (<tf v > h)f > o. 

Corollary 7.4 implies that 

c 2 (E, h) > c 2 ((Qi, h) © • • • © (Q,, fc,))- 
On the other hand, clearly we have 

c 2 ((Qi, fci) © • • • © (Qi, h)) > c 2 ((Qr, h) © • • • © (Q z vv , &0) 

and 

ci(£, /i) = C!((Qr, fci) e • • • © (Qj w , fci))- 

Thus we get Step 1. 

8.4 Step 2. By Theorem 6.3, we may assume that h is Einstein-Hermitian on each 
infinite fiber. 

8.5 Step 3. Let n : Y = ¥(E) — ► X be the projective bundle of E and £>y(l) the 
tautological line bundle. Let £ : — > F — > 7r*£' — > Oy(l) — > be the canonical exact 
sequence. We give the canonical Hermitian metrics on F, n*E and CV(1) induced by 
the Hermitian metric of i?. We set L = Oy(r) © 7r*(det E)~ l . Here we consider 

deg(ci(0y(l))- V(ci(£)) 

We set 

* = E ^(-1)^(^)^1(^(1))^. 

Then by (1.9.1) 




ci(0y(l)) r - 7T*(c 1 (£;))c 1 (C»y(l)) r - 1 + 7T* (c 2 (£))ci (0y (l)) r " 2 = d($). 



Thus we have 



ci(CV(l)) - i7r*(ci(S))V + =^ 7 r*(c 1 (i?) 2 )c 1 (O y (l))^ 1 



-7r*(^(£;))ci(CV(l)) 



r-l 



+ (^c 1 (C»r(l))-^7r*(c 1 (E)))a($) 

Since 
and 

^*{c 2 {E))c 1 {0 Y {l)) r - 1 ) = c 2 {E) 
by projection formula, we have 

7T* (^(CV(1)) - ^(C^)))^ 1 = ^(^(i?) 2 ) - (c 2 (£)) + 

((^((^(l))-^^^)) )a(<&) 



On the other hand, since 



deg( [c 1 (0 Y (l))-^(c 1 (E)))a(^) 



is equal to 



Lemma 5.1 implies 



Therefore, we get 



deg ( [c 1 (0 Y (l))-^7r*(c 1 (E)))a(<i>)) =0. 



1 \ r-l 



deg ( c 1 (O y (1)) - I = - (c 2 (£)). 



On the the other hand, 

(L r+1 ) = r r+1 deg I c 1 (O y (1)) - -7r*(ci(S)) 



r 



Thus we have 

(Z7+i) < =s> ^ci(£?, hf < c 2 (E, h). 
Hence it is sufficient to show that (L r+1 ) < 0. 



42 



8.6 Step 4. Let (N, h) be a Hermitian line bundle on X such that N is ample, deg(N K ) > 
2g(Xx) — 2 and that L ® iv*N is ample. By the arithmetic Grothendieck-Riemann-Roch 
theorem (1.11.1), we have 



X L*{L n ®-K*N) + \ T((L n ®ir*N) a )=deg(ch(L n ®7r*N)-td A (T Y/s )). 
Clearly 



2 ... 



Um deg(A(L"®7r*JV)-tdV y/s )) = 1 +1 
n^o n r+1 (r + l)P 

Thus it is sufficient to show that 

(a) Yl r((L n ®7t*N) a ) < 0(n r logn). 

(b) X L<L n ®n*N) < 0{n r \ogn). 

8.7 Step 5. If we denote by H a the Hermitian form of L a for all a G S^, H a (y) is 
positive semi-definite and rk H a (y) > r — 1 for all y £ Y a as in p.89-p.90 of [Ko]. Thus 
by Corollary 2.4 we have (a). 

8.8 Step 6. Since deg(iV) > 2g(X) — 2 and Sym rn (E') is semistable on the generic fiber, 
H 1 (Y, L n ® iv* N) is torsion module. Thus it is sufficient to see that 

deg L2 (H°(L n ®n*N)) < 0(n r logn). 

Since L is nef and (L r ) = on the generic fiber, we have 

rk#°(y, L n <g> n*N) < 0{n r ~ l ). 

Hence Theorem 4.1 implies that 

deg L2 (H°(Y,L n ®n*N)) <0(n r logn). 

Thus we get (b), which completes the proof of the main theorem. □ 

Corollary 8.9. Let K be an algebraic number field, Ok the ring of integers of K , and 
f : X — > Spec(O^) an arithmetic surface. Let E be a torsion free sheaf and h a 
Hermitian metric on X . If X is regular and Eq is semistable on the geometric generic 
fiber X^ of f , then we have an inequality 

r- 1. 



c 2 (E,h)-— ^C!(£,/i) 2 >0, 
lr 



where r = rkE. 



Proof. Let i? vv be the double dual of E. Since X is a regular scheme of dimension 2, 
£ vv is locally free and T = E yy /E is a finite module. Moreover, c^E, h) = ci(£ vv ', h) 
and c 2 {E, h) = c 2 (£ vv , h) + log #(T). Thus we have our corollary. □ 
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9. Arithmetic second Chern character of semistable vector bundles 

Let K be an algebraic number field and Ok the ring of integers. Let / : X — > 
Spec (Ok) be a regular arithmetic surface and E a torsion free sheaf on X. We denote 
by Herm(E') the set of all Hermitian metrics of E. We set 



First of all, we will see several properties of ch 2 (E) when E is semistable on the geometric 
generic fiber. 

Proposition 9.1. With being notation as above, we assume that Eq is semistable and 
deg(E-Q) = 0. Then, we have the following. 

(1) ch. 2 (E, h) < for every h G Herm(.E'). Moreover, the equality holds if and only if 



(3) For h G Herm(.E'), ch 2 (E) = ch 2 (E, h) if and only if h is Einstein-Hermitian. 

(4) IfikE = 1, then ch 2 (E) < —[K : Q] Height ([E\ K ]), where Height is the Neron- 
Tate height function on Pic (Y). Moreover, the equality holds if and only if E is 
locally free and &eg(E\ c ) = for all vertical curves C on X . 

(5) If there is a filtration of E: = E C Ei C • • • C Ei-i C Ei = E such that 
Ei/Ei-i is torsion free and deg((Ei/Ei_i)\ K ) = for every i, then we have 



(6) We assume that E is locally free. Let K' be a finite extension field of K , X' a 
desingularization of X xq k Ok 1 , and g : X' — > X the induced morphism. Then, 



ch 2 (E) 



sup cl^i?, h) (g (—00,00]). 

heHerm(E) 



ci{E,h) 2 = c 2 (E,h) =0. 
(2) ch 2 (E) < 0. 



ch 2 (E) = J2^ 2 (E l /E l _ 1 ). 



we have 



ch 2 (g*(E)) = {K' :K]ch 2 (E). 



Proof. (1) First, we will see that ci(E, h) 2 < 0. We set 

(E', h') = (det(E), det(h)) © (O x , can K ). 

Then, since E' is semistable, by Corollary 8.9, we get 

ci(£, h) 2 = ci(£?', h') 2 < 4c 2 (E', h!) = 0. 

Hence, by virtue of Corollary 8.9, 



ch 2 (£, h) = -C!(E, h) 2 - c 2 (E, h) 
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(2) This is a direct consequence of (1). 

(3) We fix a Hermitian metric k of E. Then, since deg(Lx) = 0, by Lemma 6.1, 

di 2 (E,h)-di 2 (E,k) = -±- V DL(E a ,h a ,k a ;$ a ). 

Thus, ch^i?, h) = ch 2 (i?) if and only if DL(E a , h a , k a ; <fr a ) gives the absolute minimal 
value for every a G K^. Thus, we obtain (3). 

(4) Let h be an Einstein- Hermitian metric of E. By (3), we have ch 2 (.E) = ch 2 (.E, h). 
Let £ vv be the double dual of E. Then, ch 2 (£, h) < ch 2 (£ vv ) and the equality holds 
if and only if E = E wy . So we may assume that E is locally free. Here, we need the 
following lemma. 

Lemma 9.2. Let (L, h) a Hermitian line bundle on X. If h is Einstein- Hermitian and 
deg(L\ c ) = for all vertical curves C on X, then 

ch 2 (L, h) = -[K:Q] HeightQLx]). 
Proof. For example, see [Fal] and [Hr]. □ 

Let {qi, ... , qi} be the set of all critical values of /. Let Supp(X gt ) = H 

be the irreducible decomposition of the fiber X qt . Then, since deg(E\ K ) = 0, we can 

find rational numbers {af'} such that 

(E-C^) + (±aPc^.C^)=0 

i=i 

for all t and j. Let n be a positive integer such that n ■ af* G Z for all t and i. We set 

L = E"®O x (J2jTna < i t) cl t) ). 
t=i i=i 

Then, due to Lemma 9.2, we have 

ch 2 (L, h n ) = —[K : Q] Height([L K ]) = -n 2 [K : Q] Height ([E K ]). 
On the other hand, since deg(L\ c ) = for all vertical curves C on X, we have 

ch 2 (L,/0 + yEE^^f ? = n^ 2 {EM- 

t=l i=l 
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Let ELi Eiii a f )c ? } = D + -D_ be the decomposition of ^Li E;=i a f ) such 
that D + and _D_ are effective and that Supp(.D_|_) and Supp(D_) have no common 
component. Then, 



t=i i=i 

Moreover, the equality holds if and only if 

(D+ ■ C) = (D_ • C) = 

for all vertical curves C on X. Thus we have (4). 

(5) Let h be a Hermitian metric of E. Let hi be the sub-metric of Ei induced by h 
and hi the quotient metric of Ei/Ei-i induced by hi. Then, by Corollary 7.4, we have 

ch 2 (£, h) < di 2 (Ei/E , fcx) + • • • + dy 2 (Ei/Ei. u ki) 
< d^ 2 (E 1 /E ) + --- + & 2 (E l /E l _ 1 ) 

Therefore, we have 

ch 2 (£) < ^^(Sj/Sj.!). 

i=l 

In order to consider the converse inequality of the above, we need the following lemma. 

Lemma 9.3. Let O^S^E^Q^Oan exact sequence of torsion free sheaves on X . 
Let h' and h" be Hermitian metrics of S and Q respectively. If deg(S'x) = deg(Ex) = 
deg(Qif) = 0, then there is a family {h t }te«. of Hermitian metrics of E with 

lim ch 2 (£, h t ) = ch 2 ((S, ti) © (Q, h")). 

t— >oo 



Proof. For a G i^oo, let E a = S a © P CT be a decomposition of as C°°-vector bundles. 
Then, since P a is isomorphic to Q a , using the above decomposition, we define a Hermitian 
metric h t of E by e* • h' © /i". Let A t be the second fundamental form of 

-> (5, e* • /i') -> (£, ^) -> (Q, /i") -> 0. 

If we denote A by A, then it is easy to see that A t = A and (A t )* = e~ l A*. Thus, by 
Proposition 7.3, we have 

di 2 (E,h t )-di 2 ((S 1 e t -ti)®(Q,ti')) = -^ £ II^H 2 . 
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On the other hand, since deg(5jf) = 0, by an easy calculation, we obtain ch 2 (5', e* • h') = 
ch 2 (5', h'). Thus, we get our lemma. □ 

Let us start to prove the inequality 

I 

i=i 

by induction on /. Let b! and h" be arbitrary Hermitian metrics of E\_\ and Qi respec- 
tively. Then, by Lemma 9.3, there is a family {h t }teR of Hermitian metric of E such 
that 

lim ch 2 (£, h t ) = ch 2 (£?,_!, //) + ch 2 (Q ; , ft")- 

Therefore, we have 

di 2 (£) > ^ 2 (£?!_i, //) + ch 2 (Qj, fe") 
Since h! and /i" are arbitrary, it follows that 

ch 2 (£) >S 2 (£j-i)+^2(<9j) 
Thus, by hypothesis of induction, we have (5). 

(6) Let be a fixed Hermitian metric of i?. For each o E K^, we set 

DL(E a ) = MDL(E a , h a , k a ; 
No- 
where h a runs over all Hermitian metrics of E a . Let {h n } be a sequence of Hermitian 
metrics of E with 

lim ch 2 (£, hn) = dv 2 {E). 

Since 

ch 2 (£,/i n )-ch 2 (£,£;) = -^ DL(E a ,(h n ) a ,k a ;$ a ), 

for each a e i^oo, we have 

DL(E a )= lim DL(E a ,(h n ) a ,k a ;$ a ). 

Therefore, we obtain 

DL(g*(E) a ,) = Y^DL{E a ,\ K ,{h n ) a ,\ K ,k a ,\ K ,<S> a ,\ K ) 

for all a' G because DL(g*(E) a >) = ~DL(E a i\ K ). It follows that 

ch 2 (<7*(£))= lim ch 2 (<7*(£,M) 

n — >oo 

= lim [K' : K]ck 2 (E, h n ) 

n— >oo 

= [K' : K]ch 2 (E) 

Thus we have (6). □ 
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Corollary 9.4. Let f : X — > Spec(Oif) be a regular arithmetic surface and E a torsion 
free sheaf on X such Eq is semistable and deg(i?K-) = 0. If there is a filtration of E: 
= Eq C Ei C • • • C E r -i C E r = E such that Ei/Ei-i is torsion free of rank 1 and 
deg( (Ei/Ei-i)\ K ) = for every i, then we have 

r 

ch 2 (£) < —[K : Q] ^ Height ( (E{ i ) k) • 

i=i 

Moreover, the equality holds if and only ifEi/Ei-i is locally free and deg( (Ei/Ei-i)\ c ) = 
for all vertical curves C on X . 

Proof. By (5) of Proposition 9.1, we have 

r 

& 2 {E) = Y J &2{E i /E i _ 1 ). 
i=i 

Moreover, due to (4) of Proposition 9.1, for every z, 

^(Ei/Ei-J < —[K : Q] Height((^/^_ 1 ) K ), 

and the equality holds if and only if Ei/Ei-i is locally free and deg( (Ei/Ei-i)\ c ) = 
for all vertical curves C on X. Thus we have our corollary. □ 

Definition 9.5. Let Y be a smooth algebraic curves over an algebraic number field K. 
Let M. Y i K {r, d) be the moduli scheme of semistable vector bundles on Y with rank r 
and degree d (cf. [Ma2]). 

We would like to consider My/k{t, 0) when Y is an elliptic curve. For this purpose, 
we need the following lemma. 

Lemma 9.6. Let C be a smooth projective curve of genus 1 over an algebraically closed 
field and E a rank r semistable vector bundle on X with deg(-E) = 0. Then, there is a 
filtration of E: 

= E C E 1 C • • • C £ r _i C E r = E 

such that Ei/Ei-i is a locally free of rank 1 and deg(Ei/Ei_i) = 0. 

Proof. We prove this proposition by induction on rkE. Let Q be a minimal quotient line 
bundle of E and S the kernel of E -> Q. Then, by [MS], 

deg(Q) - = deg(Q) ~ < 1. 

r — 1 r — 1 

Since deg(Q) is non-negative integer, we have deg(Q) = 0. Thus S is semistable and 
deg(S') = 0. Therefore, S has a desired filtration by hypothesis of induction. Hence, we 
obtain our lemma. □ 
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The above lemma shows us that 

r times 

M Y/K (r, 0)(Q) = Pic°(Y)(Q) x • • ■ x Pic°(Y)(Q) /6 r , 

where & r is the rth symmetric group. Thus, M Y /K{ r i 0)(Q) has the canonical height 
function by using Nero n- Tate height, that is, 

Height(e) := Height(Zi) H + Height(/ r ) 

for an element e = (Zi, • • • , l r ) of Af y/k{ t i 0)(Q)- In terms of this height function Height 
of My/nir, 0), we have 

Corollary 9.7. Let / : X — >■ Spec(Ofcr) fre a regular arithmetic surface with the genus 
of the generic fiber being one, and E a torsion free sheaf of rank r on X . Then, we have 

ch 2 (£) < -{K : Q] Height([^]), 

where [Ek] is the class of Ek in M Xk /k{ t i 0)- Moreover, the equality holds if and only 
if there is a finite field extension K' of K with the following properties: 

(a) Let X' be a desingularization of X x<j K Ok> and g : X' — > X the induced mor- 
phism. 

(b) There is a filtration of g*(E) : = E' Q C E[ C • • • C E' r _ x C E' r = g*(E) such 
that E' i /E' i _ 1 is locally free of rank 1 and deg((E , J / /E , J / _ 1 )i^) = for every i. 

(c) deg( (E'JE'^) | c ) = for all vertical curves of X' . 

Proof. By (6) of Proposition 9.1 and Lemma 9.6, we may assume that Ek has a filtration 
= F C Fi C • ■ ■ C -F r _! C F r = E K such that Fj/Fj_i is locally free of rank 1 and 
deg(Fj/Fj_i) = for every i. Therefore, there is a filtration of E : = E C i?i C 
••• C -EV-i C E r = E such that EijE^x is torsion free and (E^k = Fi. Thus by 
Corollary 9.4, we have our corollary. □ 

Generalizing the above corollary, we would like to pose the following question. 

Question 9.8. Let / : X — > Spec(Ox) be a regular arithmetic surface and E a 
semistable vector bundle on X. We have two questions. 

(1) Is there a canonical height function on M Xk / k{ t , 0)? 

(2) If it exists, is there a relation between ch 2 (-E') and the canonical height function? 
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10. Torsion vector bundles 

In this section, we consider conditions for the equality of ch.2(E, h) < 0. First of all, 
let us consider the case where E is a line bundle. 

Proposition 10.1. Let K be an algebraic number field and Ok the ring of integers. Let 
f : X — > Spec(Ox) be a regular arithmetic surface and (L, h) a Hermitian line bundle 
on X with deg(Lqj-) = 0. Then, ci(L, h) 2 = if and only if 

i) h is Einstein-Hermitian, 

ii) deg(L| c ) = for all vertical curves C on X, and 

iii) Lk is a torsion point of Pic (X k) ■ 

Proof. First, we assume the conditions i), ii) and iii). By Lemma 9.2, we get 

ci(L, h) 2 = -2[K : Q] Height([L K ]) = 0. 

Next we assume that ci(L, h) 2 = 0. By (3) of Proposition 9.1, h is Einstein-Hermitian. 
Moreover, by virtue of (4) of Proposition 9.1, we have deg(L\ c ) = for all vertical curves 
C of /. Hence, by Lemma 9.2, we get 

c 1 (L, h) 2 = -2{K : Q] Height ([L K ]), 

which implies Height([Lx]) = 0. Therefore, Lk is a torsion of Pic°(XK)- □ 

Definition 10.2. Let M be a complex manifold and E a rank r flat vector bundle on 
M. The vector bundle E defines a representation 

p : 7Ti(M) -> GL r (C) 

of the fundamental group tti(M) of M. E is said to be of torsion type if the image of p 
is a finite group. 

Lemma 10.3. Let X be a smooth algebraic variety over C and E a flat vector bundle on 
X . Then, E is of torsion type if and only if there is a dominant morphism of algebraic 
varieties f : Y — > X over C such that the composition of homomorphisms: 

7Ti(Y) -> 7Ti(X) -> GL r (C) 

is trivial. 

Proof. First we assume that E is of torsion type. Then, since Ker(p) has a finite index 
in 7Ti(X), there is a finite etale covering / : Z — > X of algebraic varieties such that 
tti(Z) = Ker(p). Thus we have the first assertion. 

Next we assume that there is a dominant morphism of algebraic varieties / : Y — > X 
over C such that the composition of homomorphisms ni(Y) — > 7Ti(X) — > GL r (C) is 
trivial. By Proposition 2.9.1 of [Kol], the image of tti(Y) — > tti(X) has a finite index in 
tti(X). Thus the image of p is a finite group. □ 
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Proposition 10.4. Let X be a smooth projective curve over an algebraically closed field 
k with k C C. Let E be a rank r vector bundle on X such that E is semistable and 
deg(-E') = 0. Then, the following are equivalent. 

(a) There is a finite etale covering f : Z — > X of X over k with f*(E) ~ 0® r . 

(b) There is a surjective morphism g : Y — > X of smooth projective varieties over k 
with g*{E) ~ 0® r . 

(c) There is a finite etale covering f : Z' — > Xc of Xc over C such that f (Ec) — 
<j z , . 

(d) There is a surjective morphism g' : Y' — > of smooth projective varieties over 
C with g'*(E c ) ^O®:. 

(e) Ec is flat and of torsion type. 

Proof. First of all, we prepare the following lemma. 

Lemma 10.5. Let X be a smooth projective curve over an algebraically closed field of 
characteristic zero and E a rank r vector bundle on X. If E is semistable, deg(E) = 
and tt*(E) ~ Oy r for some finite covering it :Y — > X , then E is poly-stable. 

Proof. We prove this lemma by induction on rkE. Clearly we may assume that E is not 
stable. Moreover, we may assume that n : Y — > X is a Galois covering. Since E is not 
stable, there is an exact sequence: 

-> F -> £? ^0 

such that F and Q are locally free, deg(F) = deg(Q) = and that F and Q are 
semistable. Then, it is easy to see that the exact sequence: 

-> 7T*(F) -> tt*(£;) -> 7r*(g) -> 

splits, 7r*(F) ~ C® s and that tt*(Q) ~ O®*, where s = rkF and t = rkQ. Hence F and 
Q are poly-stable by hypothesis of induction. Therefore, it is sufficient to see that the 
natural homomorphism 

Ext^(Q,F) — > Ext^(7r*(Q),7r*(F)) 

is injective because the injectivity of the above homomorphism implies that the exact 
sequence 

O^F^E^Q^O 

splits. Since 7r is the Galois covering, we have a trace map -k*(Oy) — * Ox, which shows 
us that an exact sequence: 

-> Ox -> 7T*(C»y) -> 7T,(Oy)/Ox -> 
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splits. Therefore, H X (X,F ® Q v ) — ► H X (X,F ® Q v <g> n*(0 Y )) is injective. Thus 
Ext^(Q, F) — ► Ext^(7r*(Q), tt*(F)) is injective. □ 



Let us start the proof of Proposition 10.4. (a) =>- (b), (b) =>- (d) and (e) =>- (c) 
are trivial. So it is sufficient to show (d) (e) and (c) =>- (a). 

(d) =>- (e) : By Lemma 10.5, Ec is poly-stable. Thus Ec is a flat vector bundle. So 
Ec comes from a representation 

p : 7Ti(Xc) — > GL r (C) 

of the fundamental group tti(Xc) of Xc- Since g' (Ec) is also flat, it has an Einstein 
Hermitian metric h. On the other hand, since g'*(Ec) — 0®% by [Ko, Chap. V, 
Proposition 8.2], (g'*(Ec),h) is isometric to (Oy',hi) © ■■• © (Ov',h r ) as Einstein- 
Hermitian vector bundles, which shows us that the composition of homomorphisms: 

ni(Y') -> iri(X c ) -> GL r (C) 

is trivial. Thus, by Lemma 10.3, Ec is of torsion type. 

(c) =>- (a) : Clearly we can find a field F such that k C F C C, F is finitely 
generated over and that /' : Z' — > Xc and f'*(Ec) ^ 0§T are defined over F. Thus 
there are algebraic varieties T and Z over and projective morphisms h : Z — > T and 
f : Z ^ X x T over with the following properties. 

(1) The function field of T is F. 

(2) If p : X x T — > T and g:IxT^I are the natural projections, then we have 
Pjf = h. 

(3) / x T Spec(C) : Z x T Spec(C) -> (X x T) x T Spec(C) is nothing more that 



/' : Z' - X C . 



f 



XxT 



At the generic point r\ of T, we have /„ is etale and (f*(q*(E)))„ ~ (9| r . Hence there is 

a non-empty open set U of T such that / t is etale and (f*(q*(E))) t — 0% r for all t £ U. 
Therefore, if we choose a closed point t of U, we have (a). □ 

Definition 10.6. Let K be an algebraic number field and Ok the ring of integers. Let 
/ : X — ► Spec(Ox) be a regular arithmetic surface and F a vector bundle on X. E 
is said to be of torsion type if Fq satisfies one of equivalent conditions (a) - (d) in 
Proposition 10.4. 
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Question 10.7. Let K be an algebraic number field and Ok the ring of integers. Let 
/ : X — ► Spec(OA-) be a regular arithmetic surface and (E, h) a Hermitian vector 
bundle on X such that deg(E K ) = and is semistable. Then, if ch 2 (.E, h) = 0, is E 
of torsion type? 

For this question, we have the following partial answer. 

Proposition 10.8. Let K be an algebraic number field and Ok the ring of integers. 
Let f : X — > Spec(Oi<-) be a regular arithmetic surface and (E, h) a rank r Hermitian 
vector bundle on X such that deg(-EV) = and Eq is semistable. Assume that there is 
a filtration of E^: 

= Eq C Ei C E<i C • • ■ C E r —i C E r = Eq 

such that Ei/Ei_i is a locally free sheaf of rank 1 and deg(£'j/ -E^-i) = for every 
1 < i < r. Then, if ch.2(E, h) = 0, E is of torsion type. 

Proof. We may assume that the filtration is defined over K. Hence we can construct a 
filtration of E: 

= F C F 1 C F 2 C • • • C F r _i C F r = E 

such that Fi\q = Ei, F^ is locally free and that i^/i^-i is torsion free. Let hp i be the 
induced sub-metric of h and hi the quotient metric of Fj/Fj_i induced by hp v Let Li 
be the double dual of Then, by Corollary 7.4, we have 

= ch 2 (£, h) < ch 2 ((F 1 /F , /ii) © • • • © {F r /F r _ u h r )) 
< ch 2 ((Li, /ii) © • • • © (L r , h r )) < 0. 

Therefore, we get 

ch 2 ((Li,/n)©---©(L r ,/i r )) = ^(ci(L 1 ,/i 1 ) 2 + --- + ci(L r ,/ ir ) 2 ) = 

and (E, h) is isometric to (Li, /ii)©- • -©(L r , /i r ) on each infinite fiber. Since c\(Li, hi) 2 < 
for each i, we obtain ci(Lj, /i^) 2 = 0. Therefore, by Proposition 10.1, (Lj)c is of torsion 
type. Therefore £c is torsion type because Ec = (£i)c © • • • © (L r )c- D 
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